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A second ingenious idea, which belongs to Jacobi as well as to Abel, is the introduction of the imaginary into this theory. As Jacobi himself affirmed, it was just this innovation which rendered possible the solution of the enigma of the earlier theory. It turned out that the new functions partake of the nature of the trigonometric and exponential functions. While the former are periodic only for real values of the argument, and the latter only for imaginary values, the elliptic functions have two periods. It can safely be said that Gauss as early as the beginning of the nineteenth century had recognised the principle of the double period, a fact which was first made plain in the writings of Abel.
Beginning with these two fundamental ideas, Jacobi and Abel, each in his own way, made further important contributions to the theory of elliptic functions. Legendre had given a transformation of one elliptic integral into another of the same form, but a second transformation discovered by him was unknown to Jacobi, as the latter after serious difficulties reached the important result that a multiplication in the theory of such functions can be composed of two transformations. Abel applied himself to problems concerning the division and multiplication of elliptic integrals. A thorough study of double periodicity led him to the discovery that the general division of the elliptic integral with a given limit is always algebraically possible as soon as the division of the complete